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Abstract

Using a relation between the terms of the spectral sequence of a
Riemannian foliation and its adiabatic limit, we obtain Bochner type
techniques for this special setting and, as a consequence, in the special
case of a Riemannian flow we obtain vanishing conditions for the top
dimensional group of the basic cohomology Hg (F)-which is related
to the property of being geodesible. We also extend a Weitzenbock
type formula for the leafwise Laplacian and, for the particular class of
compact foliations, we obtain a generalization of a result due to Ph.
Tondeur, M. Min-Oo and E. Ruh concerning the vanishing of the basic
cohomology under the assumption that certain curvature operators are
positive definite. In the final part we present an example.
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1 Introduction

Throughout this paper we consider a Riemannian foliation F defined on a
closed Riemannian manifold M with a bundle-like metric g [Re].

Our paper basically uses the joint works of J. A. Alvarez Loépez and Y.
Kordyukov [AlKol] and [AlKo02]|. In these papers the authors introduce a
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Hodge-de Rham theory for the spectral sequences of a Riemannian foliation
(which is a generalization of the basic Hodge-de Rham theory).

We will start out by considering the C'*° foliation F on a closed manifold
M; the dimension of foliation will be denoted by p, the codimension by ¢
and (2, d) will denote the de Rham complex on M. Let us now consider the
following bigrading for €2, induced by the foliated structure and the bundle-
like metric:

Que = O™ (/U\T]-"L* ® /v\T]-“*> cu,v € Z. (1)

Then, the de Rham derivative and coderivative split into bihomogeneous
components as follows:

d=doy+diog+da_1, 0 =001+ 00+ 021, (2)

where the indices describe the corresponding bigrading. We notice that dy _;
and 0_y; are of 0-th order and vanish if and only if the distribution T°F s
completely integrable.

The spectral sequence (Ej,d;) on F is defined using the following de-
creasing filtration:

Q=DM D..0Q; D01 =0,
where the space of r—forms of filtration degree > k is given by:
QZ = {w e Q" ‘ ’in:O,(\V/) X :Xl/\.../\XT,kJrl, Xz € %(f)}

In the following, we consider the terms of the differential spectral sequence
(Ek, di) defined in the classical way (see e.g [McC]).

The C* topology on  induces a topology on each E,"’, with respect
to the bigrading. In this manner, each d; becomes a continuous operator
on B, = @ E;"". So we obtain two bigraded complexes: 0, C Ej and the

quotient complex B, = B, /0.

Considering the sequence of canonically induced operators dy, : E;"" —
EZM’”_HI, J. A. Alvarez Lépez and Y. Kordyukov inductively define a se-
quence of second order operators of Hodge-de Rham type: Ay, Ay, ... and a

corresponding sequence of eigenspaces H; 2 Hs O ... O H,, such that:

Q =H; ®imdy P ker dy,
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Hl == HQ D 1md1 @kerél,

yielding H; ~ El, Hy ~ Ey, for k = 2,3, ...00, the above splitting being just
the corresponding Hodge-de Rham decomposition.

Now the metric g can be written as ¢ = g, @ gr with respect to the
decomposition TM = TF*+ @ TF. Introducing a parameter h > 0, we define
the family of metrics

gn=h"2g9. ®gr.

The limit of the Riemannian manifold (M, g) as h | 0 is known as the
adiabatic limit. 1t was introduced by E. Witten for a Riemannian bundle
over the circle [W]. In our paper the adiabatic limit procedure will be just
a tool in order to achieve Weitzenbock type formula for the terms of the
differentiable spectral sequence, this appearing as a natural consequence of
the above mentioned Hodge-de Rham theory.

The bundle-like metric induces also a splitting of the cotangent bundle
TM* = TF* @& TF*. The canonical transversal and leafwise projection
operator will be denoted by pr? and pr© respectively. We can consider the
rescaling homomorphism O, : (T'M*, g,) — (TM*,g), defined using the
identity operators idyzi« and idyz«:

@h = hidT]:J_* EB ldT].‘* (3)

The induced rescaling homomorphism on differential forms or tensor fields
will be denoted also by ©;. One can prove that these are in fact isometries of
Riemannian vector bundles (see e.g [MazMe]). The rescaled Laplace operator
014,06, " induces a rescaled Weitzenbock formula (see (22)):

(Apw,w) = <Vhw, Vhw> + <Khw,w> )

for any w € €2; the inner product is obtained integrating on the closed Rie-
mannian manifold M (see e.g. [CrPuRa]).

The main ingredient in our further considerations is Proposition 1 which
is a direct consequence of Corollary C in [AlKo02]. This result, together with
Theorem B in [AlKol] offers us a description of a differential form which lies
in Hy":



Proposition 1 For any w*’ € Q“°, with v +v = r, we have w** € Hy"
if and only if there is a family of differential forms w;, € Q" depending on
h > 0, so that w, — w*® in L? norm as h | 0, and

(Apwn, wy) € o(h?).

Using Proposition 1 and introducing a Bochner type technique for the
spectral sequence, in the last section of the paper we prove the following
vanishing results for the F5 term of the spectral sequence; these results in-
volve the operator K (see (13)). The upper index comes from the polynomial
description of K", while the lower indices come from the bigrading (see (24)):

Theorem 1 Considering a Riemannian foliation (M,F,q), if the differen-
tial operators of 0-th order K°, K' are non-negative operators, and K? is
strictly positive, then the second term Eo of the spectral sequence vanishes.

Let us consider another curvature function specific to a Riemannian fo-
liation: the mized scalar curvature (see e.g. [Rov]). At an arbitrary point
P4
x € M, we define scalyizeq == Y. Y. R (€, fa, fa,€i), where 1 < i < p and
i=1j=1
1 < a < g such that f, € TF* and e; € TF form an orthonormal basis
{fa,e:} at x.
We state now the following vanishing result which uses the mixed scalar
curvature associated to the Riemannian type tensor R° (see (10)):

Theorem 2 If (M,F,g) is a Riemannian foliation with scall, ., > 0 on
M, the tangent Ricci operator Ric” is non-negative and furthermore the
operator K| | is non-negative, then H{(F) = 0.

An interesting result is related to the case p = 1-the so called Riemannian
flows:

Corollary 1 If (M, F,g) is a Riemannian flow so that scall,.,., >0 on M,
then H}(F) =0, and the foliation is not ”geodesible”.

In dimension 3, the topological aspects of Riemannian flows were classified
by Y. Carriere in [Car]. In higher dimension aspects related to the basic co-
homology, more exactly vanishing results involving basic cohomology groups
might be obtained using the above techniques.



In the last part of this paper we apply the above considerations for a
SO(3, R)-foliation in order to obtain concrete vanishing results.

The results contained in this paper are part of my PhD Thesis [S]] and
were presented within the Conference Foliations 2005, held in Lodz, Poland.

Finally, I would like to thank Jests A. Alvarez Loépez and Y. Kordyukov
for helpful comments made about this paper. Also, I would like to thank the
referee for observations and suggestions.

2 Levi-Civita connection and adiabatic limits

In what follows let us consider {F,}, 1 < a < ¢, as being C* local in-
finitesimal transformation of (M, F) orthogonal to the leaves, while {E;},
1 <@ < p, will be C* local vector fields tangent to the leaves. Furthermore,
assume that {F,, F;} determine an orthonormal basis {f,,e;} at any point
where they are defined. Let us consider also the dual coframes {6%,w'} for
{F,, E;}, and {a®, 3%} for {fa,e;}. We denote by U7 the transverse compo-
nent and by U* the leafwise component of a local tangent vector field U. For
the sake of simplicity, the local vector fields {F,} will be called basic vector
fields (see e.g [Mo]). In the following we consider arbitrary local tangent
vector fields U, V', Z and W. First of all, let us remind the Gray-O’Neill
tensors fields A and 7' [ON]:

TyV := V5 VT + VI VE
AyV =VE VT VI VE
where V is the Levi-Civita connection. Using the classical Koszul formula

29(VuV, 2) = Ulg(V,2))+ V(g 2)) - Z(g(U,V))
+9([U, V], Z) + 9([2, U], V) + (U, [Z,V]),
and considering the similar formula for the metric g,, we are able to ex-

press all the components of the Levi-Civita connection (determined by the
transverse-tangent decomposition) as polynomials in h. We obtain:

Proposition 2 The canonical Levi-Civita connections associated to the met-
rics gn, and g are related by the following relations:



vl Fy = VL R, VUrF, = VE Fy = A, Fy,

vgh TE = h?VT E; = h*Ty, E;, vgh LR = vﬁ Ej,

vgh TE = h2VT E; = h2Ap, EZ, vgh LE VE EZ, (4)
vaTF, = h2VTiF = —h?A} E; vg';‘F v{_F T, Fu,

for arbitrary indices a, b, ¢, ¢, j and k, with 1 < a,b,c < gand 1 <1i,j5,k < p,
respectively.

Proof. In our setting g(E;, E;) and g(F,, F,) are constant functions,
g(VT , W¥*) = 0, and we have similar relations for the metric g,. Also
[E;, F,]” = 0, F, being basic local vector field. As a consequence, using
Koszul formula, we get:

29h(V%Fbv FC) - gh([Fa’ Fb]? FC) + gh([Fm Fa]’ Fb) + gh(Fav [Fc, Fb])
= hiQ (g([Fa; Fb]7 Fc) + g([F07 Fa]a Fb) + g(Fm [Fca Fb]))
= 20 %g(VE, By, Fo),

200 (Vi By, B5) = gn([Fa, 1), Ei) = g([Fa, Fy], Ei)) = 29(VE, Fy, E),
200 (V% Ej, o) = gn([Fu, Eil, Ej) + gn(Ei, [Fo, Ej) = 29(VE, By, Fy),

200(VEE), Ey) = gu([Ei Ej], Ex) + gn([Ek, Bi], Ej) + gn(E;, [Ek, Ej))
= g([Ei, Ej, Ex) + 9([Ex, Ei], E;) + 9(Es, [Ex, Ej])
= 29(Vg,Ej, Ey).

Now, considering that g,(V: Fy, F.) = h™2g(V9 Fy, o), gn( VR E;, F,) =
h29(VE By Fu), gn(Vi By, Ey) = g(Vi Fy, B2, gn(VE Ej, Bx) = g(Vi Ej, Ey),
we obtained the first four relations. The last four relations can be obtained
in the following way: as {F},, E;} is orthonormal, the following relations hold

g (VUEia Fa) = —g (EH VUFa) )
gn (VOB Fo) = —gn (B3, Vi F),

for an arbitrary vector field U on M and, as a consequence, we get V%’;’T E;, =

hQV%aEi and V*‘E’LEZ» = VﬁaEi. Finally, as the torsion tensor fields 7" and
T,, vanish, we obtain the last two relations. m



Proposition 3 V and V9 satisfy
L7T v‘C a a
Vi (9b VT Gb %4 9 = h2V§a9 ,

7T 3 k) )
vgh i V%'awz’ Vgh _ V%’aw17

v T@a = h2VZ 6°, vgf;fﬁea = h2VE 6°.
Proof: We obtain the above relations using (4) and the fact that

VIO (F) = —0°(VEF,), VEP(E) = —0"(VEE,),
Viw'(F,) = = (VGF,), Viw'(E;) = -w'(VEE)),

for any indices i, j, a, b as above and arbitrary U, together with the corre-
sponding relations for the metric g,. m

3 Curvature tensor field and adiabatic limits

Using the above relations, we are able to express now some of the the cur-
vature operator components as polynomials in A. We denote by R;,U,V and
R§h7U7V the transversal and respectively the leafwise projection of the cur-
vature operator Ry, vy = ViV — ViVt — Vi, acting on differential
forms.

First, using the notations adopted in the previous section, we obtain:

+h2 (VTV o — vTvgaec VF FbFeC)
c T,2 pe
= Ry g0+ R0

In the above calculations we denoted by R* the transversal curvature ten-
sor field. Let us also consider the transversal curvature operator p*, defined
such that ¢ (pL(U7 V), W A Z) = R+ (U,V,Z,W) for arbitrary local vector
fields U, V., W and Z [MiRuTo].

In a similar manner,

Rgﬁhveivejﬁk - V£ VE Wk — vﬁ V V[EE- Ej]wk (7)
+h2 (vﬁvE W — vﬁ v )
— ﬁk + h2R£,2 k.

€4,€5
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If we regard the leaves as immersed submanifolds, with the canonically
induced metric, then the curvature operator R” is in fact the curvature
operator on leaves and it will be called in this paper the intrinsic curvature

operator on leaves.
We calculate now the following two curvature terms:

Ry . naf = WP (VEVE G — Vi VL0 — Vi 50° (8)
+VEVTE09) — b (V5 VE6)
= WRC% o+ 'R o,

R o0 = W (VIVE O - VIVELe) 9)
h? (v;{,vgjec — VIVEG — Vi 0 )
= RW'RI7 a®+B*R1Z o
Due to the fact that {f,,e;} is an orthonormal basis, we obtain
Ry c.p.0%€) = h°gn (Rg,eipufarei)
= h2Rgh (€is fas fas€i)
and, as a consequence,

Rez,fo‘/( ) = Ro(eiafaafayei)7

where by R° (e;, fa, fa, ;) we denote the h° coefficient of gy, (Ry, e, 1, fas €i)-
Using the O’Neill calculations (see [ON]), we can write:

ghn (Rgh,ei,fafaaei) = 0n <(V?ZT9h)ei 6i7fa> — Gn ( 9h7elfaa gh,elfa)
Th ((VgﬁAgh)fa fa, ei) + 9n (Agh,faeiv Agh,faei) .

Considering the relations (4), with respect to the particular orthonormal
basis { fa,€i}, we get

R(ei fosfares) = 9 (Vi) eifa) + 9T Tofs) — (10)
+9 (Vei (Afafa) ) 6,‘) .
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Finally, we have:

R.gh’famfbac - h2 (Vfav%‘beC - v?bvgaec - V[LI;‘a,Fb]QC (11>
+VE VLT — Vi VT 6°)
2 pL,2 c
= h Rfa:fba ,
and
Rg;ueivfaac = h2 (VZ;V;GQC - v’]{zvgzgc - v@ina]gc (12)
+VIVE 0 = Vi Vi)
= WR[j,a".

Remark 1 Rgﬁh,fa,fbo‘c and R;ei’faac have not an h° coefficient.

4 Weitzenbock formula and adiabatic limits

Let us now consider the classical Weitzenbock formula (see e.g. [Pet]). We
take an orthonormal frame field {&;} in the neighborhood of an arbitrary
point z € M which induces an orthonormal basis {¢;} at x such that V.&; =
0, with 1 < 4,7 < n. If {©'} and {6’} are the dual coframes for {&;} and
{€;} respectively, considering that d = >.©" A V¢, and § = — > ig, Ve, we

can express the Laplace operator:

A=ds+dd = = 0 AV, (ieVe) = > iV, (0'AVe) (13)
- Zj Ve Ve + > 0 N, jézvej Ve, — Ve, Ve,)
— V*; +) 6 A szJ
= V*V+ iﬁi € Re, e,
i<

where dot stands for Clifford multiplication. In the following we denote the
0-th order operator > €;-¢;- Re,c; = o' N i, Re; e, by K.
i3

1<j



If we choose a foliated chart U on M, then
QU U) = QU ) Fy) A QO (U) = QU Fy) @ Q% (U), (14)
according to [AlKo2]. Then, if we take o € Q“(U/Fy) and 5 € Q" (U), we

can evaluate the above operator acting on differential forms of the type a A,
the general formula being easy to obtain by linearity.

We consider now the covariant derivative V induced on Q%" with u and
v satisfying u +v = r:

V. QY — C°(TM*) @ C°(A"TM™).
Now we define the following six differential operators:

V’Z',O,O = (prT X 7Tu,v) o V, vL,O,O = (prﬁ ® 71-u,v> o Va
Vr_ 11 = (PTT ® Tu—1wt1) 0V, Ve _11= (PYL ® Ty—141) © V,
Vri-1= @7 @Tut10-1)0V, Vei-1=(prf @ mys10-1)0 V.

where m, ., Ty—1p+1 and m,41,-1 are canonical projections induced by the
bigrading.
The above operators can be naturally extended from %" to €.

Remark 2 [t follows easily that:

Vw = VT70,QW + VL‘,70’()W + V77_171w (15)
+Ve 11w+ Vi w+ Ve w.

Considering also the bigrading, we get:
K=K o+ K_1;+ Koo+ K1+ Ky _». (16)
Note that

D O NigRo(anB) = D> 0 NigRooaAB+an) 0 NigRe, o3
%,] 2,] ,J

—+ Z 91 A iejOé A Rej,qﬁ + Z Rej,eia A 62 A 7;6]'6'

1,J Y]

Using the orthonormal frames { f,, e;} and {a%, 3} at the arbitrary point
x, we obtain:

K sp(aAB)=> B AR ifanB, (17)
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K_ii(@AB) = Y a"ARf pipanB+Y B Nipa AR} 3 (18)

a,b i,a
+> BN R] Lo ANB+Y RE anB Nif

i,a
+ Z B A iejRéeia A S,
i’j

a,b

a,b

+Y B Niga®R] B+a®> B NigR] fB
+Za“ A ieiRé,faa ® [+ ZRéfaa ® o N, 3

+Y RI a®@B ANigS+a®> §-F-RE, B,
4]

J
4,7

Kia(anB) = Y a"Nipa ART  B+and a®ANigR] 8 (20)

a,b a,b

+ZRZ;faa Aa® AN B+ a N Za“ Nie.RE ;B

7,0

1,a
+a A B ARL i f,
47j

K ss(anp) = Oz/\Za“/\ReTi,faieiﬁ. (21)

2,0

Using the rescaling homomorphism mentioned in the introductory section,
let us now define

Ah = @hAghQ}:l,
V' = 0,v"e;!

K" :=0,K,0;".

Now, applying (13) for @glw, where w € )" and using that ©y, is in fact an
isometry of Riemannian vector bundles, we obtain the formula

(Apw,w) = (V'w, V') + (K'"w,w) . (22)
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We will study each term of (22), our goal being to express all terms as
polynomials in h. For the first one we refer to [AlKo2]:

<Ahw, w> = <A0w, w> +h <(DJ_D0 + DODJ_)W, w>
+0? ({((DoF + FDo)w,w) + (ALw, w))
+h* (DL F + FD | )w,w) + h* (Fw,w),
where F' is the O-th order operator dg,_l + 6_2,1, D(] = dO,l + (50,_1, AO =
Dyo Dy and D :=dy o+ d_10 (see [AlKo2]).
Let us study now the second term:
Vi = 9,v"e;!
= V}%,0,0 + v}ﬁl,o,o + v’}ZL',fl,l + v?ﬁ,fl,l + v]’ZL’,l,fl + V]é,l,fl'
Considering the change of the bigrading, we get the following relations:
V%,o,o = hv“?,o,o; V%,0,0 = v%ﬁo,o:
V;}r,—m =V 11 Vﬁ,—m =h7'VZ 5, (23)
v7,1,—1 = hQVQTh,l,—p v£,1,—1 = hv%}ﬁ,—r

Remark 3 In accordance with (5), the operators VT, o, Vo, VI |1,
V7 11, V¥ and V' | - induced by the metric gy, are homogeneous
with respect to h when they act on Q“(U/Fy) and Q*°(U).

Using (5), (14), (23) and the above remark we write all these operators
only using the Levi-Civita connection associated to g and the adiabatic pa-
rameter h.

For the first two operators we have:

Vioola@AB) =h (V00 ®B+a® Ve 8) =hVreolaAp).
VioolaAB) =VZio(aAB)=a®VooB+h*Veeea® p.

In the following we denote idgu@s/7,) ® V0,0 by VOE’()’O and V0 ® idgo. @)
by V%,o,@
For the last four operators we obtain:

V%_Ll(a ApB) = V‘gfi_l’l(oz AB)=h N7 _11aANB=hVr_11(anp),
V27_171(a A ﬁ) = h’1V%’j_L1(o¢ N 5) = thv_Lla A 5 = hV£7_171(Oé VAN B),
VI}ZL—J’_l(Oz A 5) = hzvfhnL_l(Oé N ﬁ) = h2 a A VT717_15 = h2VT717_1(OJ N ﬁ),
V?:,1,71(a AB) = hVZlﬁl(a ANB)=haAVe1_18=hVei_1(aAp).

Summing up, we get:
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Proposition 4 a) The rescaled covariant derivative has the following com-
ponents:

h _ h _ 0 2v72
vg,o,o - th,0,0v vﬁ,o,o - Vz:,o,o +h VL,O,Oa
_ 12 _
v:r,71,1 =h VT,fl,la Vll,fl,l - hVL,,M,
h 12 h _
v7,1,—1 =h VT,Lfla vc,l,—l - hvﬁ,lﬁl-

b) The following polynomial description is valid:
Viw = Vioow+h(Vroow+ Ve 11+ Vi 1ww)
+h* (VZoow + V711w + V7 1w) .
Finally, we express |Vw||? as a polynomial in h:
IVi0l? = [IVZoowll* + 2k ((VEoow, Ver,aw) + (Ve oow: Ve 11w))
+h2 (2(VY% g qw, Vi ow) +2 (Ve 1w, Vi _11w) + [V 7wl
+ Ve 1wl + IV —11w]?) + o(h?).

Now we investigate the last term of (22). The above formulas concerning
the curvature expression (see (6)-(12)) allow us to express K" as a polynomial
in h, that is

4
Kh = Zhi K
=0

and in accordance with the bigrading, that means:
K'= K52,2 + Kil,l + Ké,o + K{,fl + K%,fz (24>

for 0 < i< 4.
Some of the above operators will be of particular interest for us in what
follows.

Remark 4 Let us consider (22) for w™* € Q%". Both sides of the equality
can be written as polynomials in h; as leafwise Laplacian Ay does not change
the bigrading of a differential form, if we write only the coefficients of h°, we
obtain:

(Do, ") = [V 2 4+ (K g™, ) (25)

The above relation is a Weitzenbock type formula for the leafwise Lapla-
cian Ag. In fact it is an extension of the result stated in [AlTo], p. 456; for
WO € Q% the above formula becomes the Weitzenbéck type formula provided
by the authors in that paper.
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In order to obtain vanishing results we study the K¢, operator. This is
exactly the h° term of the operator K&O.

Considering {f" e} and {f,,e;} two orthonormal bases for the g; and
g metric respectively, and the dual bases {a/®, 3"} and {a®, 3’} with 1 <
a < q,1<1i<p,these bases are subject to the relations:

flil:hfa: e??ei@
aha — h—laa’ 6/7,,1 — ﬂz_

Using (19), we obtain:

Klg(anB) = h? {Z a’ NigRI . a® B+ Zoﬂ Niga® RE . 3

a,b a,b

D NTYRELANITES oI o)

a,t

—|—Za NieBRg e, @ © B+ YRG0 ® 0 N,

a,?

+ Z Rgh,eueja ® 8 A i, +a® Z 3 A ie; R gh,ej .3

’.]

In each one of the above eight terms, using the relations (6)-(12) we can
calculate the corresponding h° coefficient. We observe that only the last term
contains such component, so we finally get:

K&O(a/\ﬁ) = a®Zﬁ’/\zej e eld

= a®Zﬂ’ & RE

1<J
5 Vanishing conditions for the spectral se-
quence of a Riemannian foliation
According to Proposition 1, assuming that w € H,, it follows the exis-

tence of a family of smooth forms (wp),.q, wp — w in L?>norm as h | 0,
and (Apwp,wp) € o(h?). Under these circumstances, we can reshape the
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"rescaled” Weitzenbock formula (22)

<Ahwh,wh) = thwhHQ + <K0wh,wh> +h <K1wh,wh> (26)
+h? <K2wh, wh> + o(h?),

so we can prove now Theorem 1.
Proof of Theorem 1. Let w™" € Hy", w™" # 0. As above, we consider
a family of differential forms wy, A > 0, such that w, — w®? in the L*-
norm as i | 0, and (Apwp,ws) € o(h?). We assumed that (K°wy,wy) > 0,
(K'wy,,wy) > 0, and also that there is a constant ¢ >0 such that (K?wy,, wy) >
2 . .
cllwnl|”, as M is a compact manifold. Then we get

<Ahwh,wh> = thwhH2 + ho <K0wh,wh> + hl <K1wh,wh>
+h* (K*wy, wy) + o(h?)
> cllwnll® + o(h?),

since || Vpwn|® + 70 (K°wp,wy) + h' (K'wy,wp) > 0, and, as a consequence,
(Apwh,wp) & o(h?). The contradiction comes from the fact that we assumed
w*¥ #£ 0. Then Hy" = 0, and also E5"” = 0, considering the isomorphism
that exists between these topological vector spaces. m

Proof of Theorem 2. We study the particular case when w = w?? € H%°,

First of all, if w?® € H°, let (w?%)ps0, Wi’ = W0 + KM I ¢
Q911 be the sequence obtained as above (see also [AlKo2]); under these
circumstances we can refine the Weitzenbock type formula (26):

(Ap (W + BB w0 4 BB
= ||V (@ 4 hE |+ (Kt w0
A {201, 517 (G5 5
+ (K ow™, W)} + o(h?).
In the relation (16), identifying the corresponding coefficient of h° and
h? when writing K" as a polynomial in h, and considering also the relations
(18)-(19) we finally end up with the necessary formulas for the operators K([)),o

and K, |. First of all we observe that Ko’ A.. Ao = 0; as K, is a linear
operator, we extend the result for any w*¥ € Q“".
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Let us now study this operator when acting on 75! = ot A .. Al ®

Bk e Qa1

K8t = oA pait e 55 RE,

1<j
= a" A Adi @ Ric” g
Ric” pa—11,

From here it follows that (K387 ", 87 ") = (Ric" i, 3i 1) > 0
if and only if the tangent Ricct opemtor is non-negative.

Now, if we evaluate the action of the operator Kg, on w®’ = ot A..Aaf €
Q29 the following relation is obtained:

2 70 — y T’ ’ ?
Kyow?™ = Z o Nig Ry w? + Z a N, R wq
i,a

B
2,0
- Z(—l)“_la“ Aot AL AT Ré’?faa“(ei) A A !
2,0
= Z R%(ei, fu, fas€i)at A Ao
2,0
= scal®;...a" A Aal,
where scal® ., is the mixed scalar curvature corresponding to the R°—mixed
curvature tensor field (see (10)). In the above calculations we have used the
fact that, in general, the operator K vanishes when it acts on a differential
form of top dimensional degree.

Finally, we present the operator K £1,1 acting on differential forms of the
type w??, with w?? € Q0.

K jw?? = Zoz /\R ’ifbwqo‘i‘Zﬁl/\Zfa RI® wqo

+ Z B A zeJRf 261qu

_ Zﬁz/\lejRLQ qu
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in accordance with Remark 1.

Now, as H; and Eg’o are isomorphic topological vector spaces, the van-
ishing result stated in Theorem 2 is just a straightforward application of the
above results . m

Remark 5 There are very interesting connections between the term H(F)
of the basic cohomology and the property of being taut (see e.g. [Al]). If the
dimension of the leaves is equal to 1, then the foliation is geodesible if and
only if H(F) # 0 (see [MoSe]). In this case the leaves are curves and the
leafwise Riemannian tensor field R vanishes, as well as the other "mized”
components of the curvature tensor field that imply more than one tangent
to the leaves vector field, so we finally obtain Corollary 1.

Remark 6 The Riemannian flows defined on a 3-dimensional manifold were
already classified by Y. Carriére in [Car]; the author presents an example of
non-geodesible Riemannian flow using a direct computation. Following the
same idea, D. Dominguez gives another example (see [Do]). The above results
might help us to find non-geodesible Riemannian flows and, in general, to
study Riemannian foliations in higher dimension.

In the final part of this paper we investigate the special case of a Rieman-
nian foliation which locally can be described as a product of two Riemannian
manifolds. It this case we obtain the vanishing of the O’Neill tensor fields
A and T} it turns out that the only nonzero curvature components are the
intrinsic ones, R+ and R”. In this particular case we get

Koy=K 1=K 1=Ky 2=0

and
K&o = Kg,o + h2K§,07

where

Kgoa/\ﬁ Za ~ab Rf 5a® .

a<b

AISO, we get V%@O = vﬁ,l,—l = vL,—l,l = V’T,l,—l = VT7_171 =0 and,
as a consequence, V'w = V9w + hVrgow. Under these circumstances,
considering also (25), the relation (22) becomes:
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(Apwn,wp) = || Downl|® + W2 |V r00wn)|* + k2 (K§ own,wh)
+o (R?).

Now, applying the Bochner technique for the transverse part of w, and ar-
guing as in the classical case (see e.g. [Pet]) we obtain the following vanishing
result:

Proposition 5 In the special case of a Riemannian foliation that can be lo-
cally identified with a product of two Riemannian manifolds, if the transversal
curvature operator p* is strictly positive, then Ey” =0 for 0 < u < q.

As an application, we might consider the case of a compact foliation
([Mo], Appendix E). Let us take a compact orientable surface B of genus 2
and the Lie group SO(3, R), which is known to be a compact Lie group with
strictly positive curvature [Wal]. If we take the product manifold M := B x
SO(3,R), where B is the universal covering of B, and consider an arbitrary
homomorphism A : (B, z9) — SO(3,R), with 2y € B, then we can define

the smooth diagonal action of m1(B, xy) on M by setting

Ri(,y) = @1 A7) ()

for each [v] € m (B, xo).
If we take now the quotient manifold M = M /R, this becomes a SO(3, R)-
foliation. Then the terms E5" of the spectral sequence vanish for 0 < u < 3.

Remark 7 The above result is in fact a generalization of a result of Ph.
Tondeur, M. Min-Oo and E. Ruh (see [MiRuTo]) in the special case of a

compact foliation.
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